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ABSTRACT

This paper shows that, for vector optimization problems, the set
of Karush-Kuhn-Tucker (KKT) points and strong KKT points can
be characterized as sets of stationary points and proper station-
ary points, respectively, provided that the Mangasarian-Fromovitz
constraint qualification (MFCQ) holds everywhere in the con-
vex constraint set. As a consequence, by exploiting properties of
semi-algebraic sets, it has been shown, via a direct approach, that
the sets of stationary points, proper stationary points, and weak
Pareto solutions all have finitely many connected components.
This result holds for vector optimization problems in which both
the constraint set and all objective function components are de-
fined by polynomial functions, assuming MFCQ is satisfied ev-
erywhere in the convex constraint set. Moreover, if the set of
proper stationary points is dense in the Pareto solution set, then
the Pareto solution set itself also has finitely many connected
components. Under convexity and the stated constraint qualifica-
tion, an explicit upper bound on the number of connected com-
ponents is derived. These bounds are significantly sharper than
those previously reported in the literature. Finally, the connected-
ness structure of solution sets for special cases, including poly-
nomial vector optimization and linear fractional vector optimiza-
tion problems under polyhedral convex constraint sets, is explored.
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1. INTRODUCTION

The main motivation of this paper is to provide a different ap-
proach to studying the connectedness structure of solution sets of
polynomial vector optimization problems, as established in [11]
and [12]. Using a scalarization method and certain properties of
semi-algebraic sets, Huong et al. [[12] proved that both the proper
Pareto solution set and the weak Pareto solution set of a vector
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variational inequality (VVI), where the convex constraint set is de-
fined by polynomial functions and all components of the underlying
operators are polynomial functions, have finitely many connected
components, provided that the Mangasarian—Fromovitz constraint
qualification holds at every point of the constraint set. Furthermore,
if the proper Pareto solution set is dense in the Pareto solution set,
then the latter also has finitely many connected components. As an
application, similar results were established for vector optimization
problems.

In [11], the authors made a similar attempt to study the connect-
edness structure of solution sets of a VVI where the constraint set
is polyhedral convex and the underlying operators are polynomial
functions. The results obtained in [11] provide affirmative answers
to certain open problems in the general setting, without requiring
monotonicity of the underlying operators.

For an introduction to the notion of vector variational inequali-
ties, one refer to the pioneering work of Giannessi [8]. The rela-
tionship between VVI and vector optimization problems is well
known (see [15]) and has attracted significant attention from re-
searchers; see, for example, [11} 12} 9l 21} 20] and the references
therein. The survey article [20] provides a comprehensive discus-
sion of results on vector variational inequalities and vector opti-
mization problems established in [[11] and [12]. In [12]], one of the
key arguments in the proof of the main theorem is that the normal
cone to the convex constraint set coincides with the Clarke nor-
mal cone [5, p. 51], which is the negative dual cone of the Clarke
tangent cone. In this setting, the Clarke tangent cone admits an ex-
plicit representation (see [1, Remark, p. 151]). Indeed, the approach
adopted in [12] can be viewed as a modification of the method de-
veloped earlier by Huong et al. [11]. The outline of the remain-
der of this paper is as follows. In Section [2| some basic notions
and tools from semi-algebraic geometry are collected. In Section 3]
the fundamental concepts of vector optimization problems, includ-
ing KKT points and strong KKT points, are recalled. The relation-
ship between KKT (resp., strong KKT) points and stationary (resp.,
proper stationary) points under the Mangasarian—Fromovitz con-
straint qualification (MFCQ) is investigated.

As a byproduct, by exploiting properties of semi-algebraic sets, it
is shown that the sets of stationary points, proper stationary points,
and weak Pareto solutions of a vector optimization problem where



the convex constraint set is defined by polynomial functions and all
objective function components are polynomial have finitely many
connected components, provided that MFCQ holds at every point
of the constraint set. These results play a crucial role in deriving
significantly sharper explicit upper bounds on the number of such
components (cf. [LO]).

In Section ] a study of polynomial vector optimization and linear
fractional vector optimization problems under polyhedral convex
constraint sets as special cases is carried out, and the connected-
ness structure of their solution sets is considered. Finally, Section[3]
concludes the paper and discusses directions for future research.

2. PRELIMINARIES

DEFINITION 1. (see [13]) A topological space X is called con-
nected if it cannot be represented as the union of two disjoint,
nonempty open subsets. A nonempty subset A C X is said to be a
connected component of X if A is connected in the subspace topol-
ogy and is maximal with respect to this property, that is, A is not
properly contained in any other connected subset of X.

The following result will be useful for analyzing the connectedness
structure of the solution sets in subsequent sections.

LEMMA 1. (see [11} Lemma 2.3] and [13, Theorem 20, p. 54])
Let K be a subset of a topological space X, and let K denote its
closure. If K has k connected components, then any set M satisfy-
ing K C M C K has at most k connected components.

2.1 Semi-algebraic geometry

In this section, a brief review of some fundamental concepts and
tools from semi-algebraic geometry is presented, which play a cen-
tral role in this paper.

Let R[z1,...,z,] denote the ring of all real polynomials in vari-
ables 1, ..., x,.

DEFINITION 2. (see [3, Definition 2.1.4]) A subset of R" is
called semi-algebraic if it can be expressed as a finite union of finite
intersections of sets of the form

{z e R" | fi;(x) % ; O},

where each f; ; € Rlzq,...,,] and each relation symbol *; ; is
either <or=,fort=1,...,sandj=1,...,7;.

It is worth noting that the semi-algebraic subsets of R™ form the
smallest collection of sets that contains all subsets of the type

{z eR" [ f(z) <0},

where f € R[zy,...,z,], and is closed under finite unions, finite
intersections, and complements.

Moreover, it follows (see [3, Proposition 2.1.8]) that any semi-
algebraic subset of R™ can be represented as a finite union of sets
of the form

{z eR" [ fi(x) =0,..., filz) =0, gi(x) <O,...
Wherefl,‘..,fl,gl,...

Examples. Semi-algebraic subsets of R are precisely finite unions
of points and (possibly unbounded) open intervals. In higher di-
mensions, standard examples include open balls, closed balls, and
spheres in the Euclidean space R™.

s gm () < 0},

s 9m ER[xl,.‘.,wn].

Non-examples. The following sets are not semi-algebraic:

) {(z,y) eR? [y =e"},
(i) {(z,y) € R? | 3n € N such that y = nz}.
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2.2 Projection of Semi-algebraic Sets

By definition, the class of semi-algebraic sets is closed under fi-
nite unions, finite intersections, and complementation. In addition,
an important structural property is that this class is also preserved
under projections; see, for instance, [3| Theorem 2.2.1].

THEOREM 1 TARSKI-SEIDENBERG. Let S be a semi-
algebraic subset of R"tY, and let TI : R**Y — R"™ denote the
canonical projection onto the first n coordinates. Then the image
I1(S) is a semi-algebraic subset of R™.

By applying Theorem|T]iteratively with respect to the coordinates,
and by suitably reordering them if necessary, one obtains the fol-
lowing general stability result for semi-algebraic sets.

THEOREM 2. Let S be a semi-algebraic subset of R"™™. Let
& : R"™ — R™ and ¥ : R*™™™ — R™ denote the canonical
projections onto the first n and the last m coordinates, respectively;
that is,

@(.’I)l, ..
‘I/(.'El, ..

S Ty),

(Tn+1, -

"717n+m) = (131,..

'7zn71:n+17~

~7xn7xn+17~~-7xn+m) -7xn+m)'

forevery x = (z1,...,%Tnim) € R"T™. Then ®(S) C R™ and
U (S) C R™ are semi-algebraic sets.

Recall the notion of semi-algebraic connectedness, which in fact
agrees with the usual topological notion of connectedness in real
algebraic geometry.

DEFINITION 3. (see [3} Definition 2.4.2]) A semi-algebraic set
A C R™ is said to be semi-algebraically connected if for any pair
of semi-algebraic subsets F;, Fy C A that are closed in the rel-
ative topology, mutually disjoint, and satisfy A = F} U F5, one
necessarily has F; = A or Fy, = A.

The following theorem establishes that semi-algebraic connected-
ness is equivalent to the usual topological connectedness for subsets
of R™.

THEOREM 3. (see [3, Theorem 2.4.5]) A semi-algebraic sub-
set A C R"™ is semi-algebraically connected if and only if it is
connected in the usual topological sense. Moreover, every semi-
algebraic set (and hence every algebraic subset of R™) admits only
finitely many connected components, each of which is itself semi-
algebraic.

An explicit bound on the number of connected components of a
semi-algebraic set can be obtained from the following result (see,
e.g., [3] and [2} Exercise 4.4.6]).

THEOREM 4. Let f1,...,f1,91,---,9m € Rlz1,...,2,] be
polynomials of degree at most d. Consider the semi-algebraic set

S={xeR"| fi(z)=0,..., fi(x) =0, g1(x) <O0,...
Then the number of connected components of S does not exceed
((m+1Dd+1)(2(m+1)d+1)".
3. VECTOR OPTIMIZATION PROBLEMS AND
KKT POINTS

Denote by (x, y) the standard inner product of two vectors z,y in
a Euclidean space. For a matrix M, the notation M~ represents its
transpose.

ygm(x) < 0}.



In this paper, the following vector optimization problem (VP) is
discussed:
minimize f(l') = (fl (.’L’), R fm(flf))
{ subject to x € €2, (VP)

where f := (f1,..., fm) : R™ — R™ is a vector-valued function,
and (2 is a nonempty, closed, and convex subset of R™. In many ap-
plications, the feasible set {2 associated with problem (VP) admits
the representation

Q={zeR"|gi(z) <0, hj(z)=0,i=1,....,k, j=1,...,p},

M
where g; : R™ — Rand h; : R™ — R are real-valued functions.
When m = 1, problem (VP) reduces to a scalar optimization prob-
lem. In general, allow kK > 0 and p > 0; if £ = O (resp., p = 0),
then no inequality (resp., equality) constraints are present.

Unless stated otherwise, all functions involved in (VP) are assumed
to be continuously differentiable throughout the paper. For any fea-
sible point z € €2, define the active index set by

I(x) ={ie{l,...,k} [ gi(x) =0},

which corresponds to the set of active (or binding) inequality con-
straints at .

Let R} and R, denote the nonnegative orthant and its interior in
R™, respectively.

Now recall two standard notions of minimality in vector optimiza-
tion.

DEFINITION 4. A feasible point x € € is called an efficient
point (or Pareto optimal solution) of (VP) if there does not exist
any y € §2 such that

fly) = f(z) € —RY\ {0}

It is called a weakly efficient point (or weak Pareto optimal solu-
tion) of (VP) if there is no y € ) such that

fly) = f(z) € -RT,.

It is well known that the existence of Lagrange multipliers at a fea-
sible point x €  does not, in general, guarantee that x is an effi-
cient or weakly efficient solution of (VP). Consequently, there may
exist feasible points that are not optimal, yet admit associated La-
grange multipliers.

Let W denote the collection of all tuples (z,7,A\ pu) =
(T1y ey @y Tay ooy Ty A1y ooy Ak, M1, -+, Hp) SUch that z € Q and
(7, A, ) is a corresponding set of Lagrange multipliers at 2. More
precisely, define

W = {(m,r, X\, p) € Romkte

x €,

m k
D om V(@) + Y AiVai(x)
r=1 i=1

P
+> 1 Vhy(z) =0,
=1

Xigi(z) =0fori=1,...,k,

7. >0forr=1,...,m,
A >0fori=1,...,k,
(7, A )] > 0}
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If each g; and h; belongs to R[x1, ... ,x,], then the feasible set Q2
is described by k polynomial inequalities and p polynomial equal-
ities in the variables x4, ..., x,, and is therefore a semi-algebraic
subset of R™.

Furthermore, if all objective functions f,., 7 = 1,...,m, are also
polynomials in R[z1, . .., z,], then the set W is defined by 2k +m
polynomial inequalities, p + n + k polynomial equations, together
with one strict polynomial inequality. Consequently, W is a semi-
algebraic subset of R" T +#+P_ Using Theorem [2} the set (W)
can be expressed as

(W) ={zeR" | (z,7,\,u) € W}.

It follows that (W) is also a semi-algebraic set, where ®
RrTm+k+r 5 R™ denotes the projection onto the first n coor-
dinates.

Hence, it is concluded that ®(W), the collection of all feasible
points, admitting a Lagrange multiplier is semi-algebraic.

Recall that for any feasible point x of (VP), a Karush—Kuhn-Tucker
(KKT) multiplier associated with x is a triplet (7, A, ) satisfying
(z,7,A,n) € W and ||7|| > 0. In this case, z is referred to as a
KKT point.

Let Wik kr denote the subset of W consisting of all tuples
(z, 7, A\, ) for which x is a KKT point of (VP). It is straight-
forward to verify that Wi i is itself semi-algebraic, and conse-
quently, its projection ¢ (WK KT) is also semi-algebraic. Note that
® (W) coincides with the set of all KKT points of (VP).
Formally, W i can be written as

g — {(a:, ) € RAAMAE+D

T € €,

m k
PIEAYACIEPPAIHES
r=1 i=1

P
+ 3 V(@) =0, @
j=1

M) =0, 7 > 0 (r = 1,..m),
N>0(i=1,. k), 7| >0

~{@ram e w|irl >0}

For any feasible point x of (VP), a strong Karush—Kuhn-Tucker
(KKT) multiplier associated with x is a triplet (7, A, ) satisfying
(z, 7, A, ) € W together with the strict positivity condition 7,. >
Oforallr =1,...,m.In this case, x is referred to as a strong KKT
point.

Let Wsx xr denote the collection of all tuples (z,7,\, u) € W
for which « is a strong KKT point of (VP). It follows that Wg i i1
is a semi-algebraic set. Consequently, its projection fIJ(WS K KT)
is also semi-algebraic, where ® (WS K KT) represents precisely the
set of strong KKT points of (VP).

Conversely, by permuting the coordinate order and applying induc-
tion on the number of coordinates, together with Theorem 2] it fol-
lows that the set

U(W) = {(1,\, p) € R™TF+P | (z,7, A\, p) e W}

is also semi-algebraic. Here, ¥ : R*tmthtr _ RmAk+r de.
notes the natural projection onto the last m + k& + p coordinates.

The set ¥(W) represents the collection of all Lagrange-Fritz John



multipliers associated with the vector optimization problem (V P)
at feasible points where such multipliers exist. It is worth noting
that ¥ (W) need not be connected. This lack of connectedness may
arise, for instance, if ®(W), the set of feasible points, admitting
Lagrange-Fritz John multipliers is itself disconnected.

However, when the constraints are polynomial, an important struc-
tural property emerges: since W(W) is semi-algebraic, it admits
only finitely many connected components (see Theorem [3). Fur-
thermore, an explicit upper bound on the number of these compo-
nents is provided by Theorem[4]

For a fixed point z € 2, we define the set

W(z) = {(T,)\,M)ER’”M‘”’ ZTTVfT(x)—I—Z)\ngi(x)

r=1

p
> wVhy(x) =0,
j=1
and \;g;(z) =0, 7. 20, r=1,..,m, \; >0,

i: 17 "7k7 H(Tv)H/”L)H > O}

Thus, W (x) is described by (n+ k) polynomial equations, (m+k)
polynomial inequalities, and one strict polynomial inequality in the
variables (T, A, 1) = (T1s -, Ty Al ey Ak, [, oy flp) € RTTRHP,
Consequently, W (z) is a semi-algebraic set.

Although W (x) may be empty in general, it is nonempty whenever
x is a weak minimum, since in that case Lagrange—Fritz John
multipliers are guaranteed to exist. Hence, W (x) # 0 for every x
belonging to the set of weakly efficient solutions.

Moreover, if (7, A, ) € W(z), then for any scalar p > 0, the
scaled tuple (pT, pA, pu) also belongs to W (z). This shows that
W (x) is unbounded. Further discussion on this property can be
found in [4]], [6], [[7], [18] and the references therein.

It is worth highlighting that W (x) is always a semi-algebraic set.
This property does not depend on whether the feasible set €2 itself
is semi-algebraic, nor does it require that the objective functions f,.
be polynomial. In particular, regardless of whether the functions
frs gi» and h; are polynomial or belong to a broader class of
functions, the semi-algebraic nature of W (z) remains intact. This
highlights the inherent presence of semi-algebraic structures in
optimization theory.

Concerning the topological structure of W(x), its semi-
algebraicity ensures that it admits only finitely many connected
components. An explicit upper bound on the number of such
components can be obtained from Theorem E} On the other hand,
since W (z) is convex, it is necessarily connected; in fact, it is
path-connected.

Now focus on the vector optimization problem (V' P) under the
assumption that all functions f., g;, and h; are continuously
differentiable, without requiring them to be polynomial. If, in
addition, each f., r = 1,...,m, is convex and the feasible set {2
is convex, then (V P) is referred to as a convex vector optimization
problem.

The sets of Pareto optimal solutions and weak Pareto optimal so-
lutions for (V' P) will be denoted by SOL(V P) and SOL” (V P),
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respectively. It follows directly from the definitions that
SOLY(VP) C{z € Q| W(z) # @} = d(W).

The objective of this section is to identify conditions under which
the above inclusion becomes an equality, or more generally, when
SOL™(VP) coincides with a suitable subset of ® ().

To derive the main results, the following theorem is needed. Note
that here the feasible set €2 is assumed to be convex, but it does not
need to be explicitly described by equality or inequality constraints.

THEOREM 5. ([15} Theorem 3.1, p. 749]) Let 2 be a convex
set and let x € ). Then:

(1) Ifxis a weak Pareto solution of (VP), then there exists a vector
7 € R\ {0} such that

<iTTVfT(x),y—x>20 forallye Q. (3)
r=1

(2) Conversely, if each function f., r = 1,...,m, is convex and
there exists T € R\ {0} satisfying @), then x is a weak
Pareto solution of (VP).

(3) Moreover, ifall f., r = 1,...,m, are convex and there exists
T E RT " such that (ED holds, then x is a Pareto solution of
(VP).

Now the notions of stationary and proper stationary points for the
problem (VP), as proposed in [12], are defined. These concepts
are inspired by analogous solution notions in vector variational in-
equality problems.

DEFINITION 5. Let €2 be a convex set and let x € (2. Suppose
that:

(1) there exists a vector 7 € R’ \ {0} such that

<irrvfr(x), y— x> >0 forallyeQ, (@
r=1

then x is called a stationary point of (VP);

(2) there exists a vector 7 € R, satisfying @), then z is called a
proper stationary point of (VP).

REMARK 1. By comparing the above definitions with Theorem

it follows that the set of stationary points satisfies SOL* (VP) C

Stat(VP). Moreover, when all the objective functions f,. are con-
vex, the set of proper stationary points is contained in the set of
Pareto solutions, i.e., Pr(VP) C SOL(VP). Consequently, the fol-
lowing chain of inclusions holds:

Pr(VP) C SOL(VP) C SOL*(VP) C Stat(VP),
where the first inclusion is valid under the convexity of all functions
fr

DEFINITION 6. (see [17]) The Mangasarian—Fromovitz con-
straint qualification (MFCQ) is satisfied at a point z € € if the
following conditions hold:

(i) The set of gradient vectors {Vh;(z): j =1,...
independent.

,p} is linearly

(i1) There exists a vector v € R™ such that

(Vhj(z),v) =0 forallj=1,...,p,



and
(Vgi(z),v) <0 forallic I(z),
where I(z) := {¢ | g;(x) = 0} denotes the set of active con-

straints at x.

Impose the following assumption in order to analyze the relation-
ship between the solution sets of (VP) and the sets of KKT and
strong KKT points:

Assumption (A): The feasible set {2 is convex and the
Mangasarian—Fromovitz constraint qualification (MFCQ) is satis-
fied at every point of 2.

PROPOSITION 1. Suppose that Assumption (A) holds for (VP).
Then the following statements are valid:

(i) SOLY(VP) C ®(Wkkr) = Stat(VP). Moreover, if each
component function f,. is convex, then this inclusion becomes an
equality.

(11) q)(WSKKT) = PI‘(VP)

PROOF. (i) Begin the proof by establishing the equality in part

(i), namely

®(Wkkr) = Stat(VP).
Recall that the feasible set is given by

Q={zeR"|gi(z) <0, hj(x)=0;i=1,...,k, j=1,...,p}.

Since €2 is convex, its normal cone at a point z € (2 is defined as
No(z)={z" e R" | (z",y —z) <0 Vy € Q}. ®)

By Proposition 2.4.4 in [5]], this normal cone coincides with the
Clarke normal cone to 2 at , which is the negative polar (dual) of
the Clarke tangent cone Tq (). Therefore,

No(z) = (To(z)) = {z" € R™ | (z",v) <0 Yv € To(x)} .(6)

Since the Mangasarian—Fromovitz constraint qualification (MFCQ)
holds at every point of €2, the Clarke tangent cone admits the fol-
lowing explicit representation (see [1]], Remark, p. 151): for each
T €,

Ta(z) = {v eR"

(Vgi(z),v) <0 Vie I(z),
(Vhj(z),v) =0 Vj= 1,...,p} '
It follows from () that a vector z* € R™ belongs to Nq(z) if and
only if the inequality

(z*,v) <0
holds for every v satisfying the above system of linear constraints.
(Vgi(z),v) < 0Vie I(z),(Vhj(z),v) =0 Vji=1,...,p(7)

Applying Farkas’ Lemma (by rewriting each equality constraint as
a pair of inequalities; see Corollary 22.3.1 in [19]), it follows that
x* € Ngq(z) if and only if there exist multipliers \; > 0 for ¢ €
I(z)and p; € Rforj =1,...,psuch that

p
Tt = Z AiVygi(x) + Zuthj(x)
j=1

iel(x)

Now, suppose that = is a KKT point. Then there exists
(z, 7, A\, ) € Wwith 7 € R\ {0} satisfying

=Y mVL@) = > AVaila) + ZMthj(SU)-

i€l (x)
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From the preceding arguments, it follows that if x is a KKT point,
then there exists 7 € R’ \ {0} such that

> 7.V fa(2) € No(z).

Equivalently, by the definition of the normal cone,

<vafr(m)7 Y- x> >0 VyeQ.
r=1

Hence, by Definition EL z is a stationary point of (VP), i.e., x €
Stat(VP). This shows that

®(Wkkr) C Stat(VP).

Conversely, let z € Stat(VP). Since © is convex, using the defi-
nition of stationary points and the arguments developed above, one
can verify that z satisfies the KKT conditions. Therefore,

Combining both inclusions gives
[ (WKKT) = Stat (VP) .

The inclusion SOL¥(VP) C @ (WK KT) now follows directly
from Remarkmtogether with the equality established above.
Finally, assume that each component function f,. is convex. Then,
by part (ii) of Theorem EL every KKT point is a weak Pareto solu-
tion of (VP). Hence,

®(Wgkr) € SOLY(VP).
Therefore,
®(Wkxkr) = SOL”(VP).

This completes the proof of part (i). (ii) We now establish part (ii),
namely,

(D(WSKKT) == PI‘(VP)

Assume first that z is a strong KKT point. Then there exists 7 €
R7, such that (z,7, A, u) € Wskkr. Proceeding as in part (i),
we obtain

<vaﬁ~(w)7 y— w> >0 Vyeq.
r=1
By Definition[3] this implies that « is a proper stationary point, i.e.,
z € Pr(VP). Hence,
q> (WSKKT) Q PI‘(VP)
Conversely, let z € Pr(VP). Then there exists 7 € R7*, such that

<ZTerr(x), y— x> >0 VyeQ.
r=1

Since the Mangasarian-romovitz constraint qualification holds at
every point of €2, in particular at z, the argument used in part (i)
shows that «x satisfies the strong KKT conditions. Therefore,

PI(VP) Q 0] (WSKKT) .
Combining the above inclusions gives
®(Wskkr) = Pr(VP).

This completes the proof of the proposition. [



3.1 Connectedness of Solution Sets in Polynomial
Vector Optimization

Consider the problem (VP) in the case where all data are
polynomial functions; that is, f., g;(z) and h;(x) belong to
Rlzy,...,z,) forevery r = 1,...,m, 4 = 1,...,k,and j =
1,...,p. The feasible set 2 C R™ is described by k polynomial
inequality constraints g;(z) < 0 and p polynomial equality con-
straints h;(z) = 0, where © = (x1,...,Tp).

Such a problem (VP) is referred to as a polynomial vector opti-
mization problem with polynomial constraints, and we denote it
by (pVP). The sets of Pareto optimal solutions, weak Pareto opti-
mal solutions, stationary points, and properly stationary points of
(pVP) are denoted by SOL(pVP), SOL” (pVP), Stat(pVP), and
Pr(pVP), respectively.

A result concerning the connectedness of the solution sets of (pVP),
originally established in [12f], follows as an application of results
derived for polynomial vector variational inequalities (see [[12, The-
orem 3.3]). In contrast to the approach used in [12], we present
an alternative proof based on the Lagrange multiplier framework,
making use of Proposition[T]

THEOREM 6. Suppose that Assumption (A) holds for (pVP).
Then the following assertions are valid:

(i) The sets Stat(pVP) and Pr(pVP) are semi-algebraic subsets of
R™. Consequently, each of these sets admits only finitely many con-

nected components, and every component is itself a semi-algebraic
subset of R™.

(ii) If each objective function f,. is convex, then the set SOL" (pVP)
is semi-algebraic in R™. As a result, it can be decomposed
into finitely many connected components, each of which is semi-
algebraic.

(iii) Assume that all functions f, are convex and that Pr(pVP) is
dense in SOL(pVP). Then the set SOL(pVP) consists of a finite
number of connected components.

PROOF. In the case of (pVP), both the sets W g and Wk k1

are semi-algebraic. Consequently, their images CD(WK KT) and

@(Ws K KT) are also semi-algebraic sets. By Theorem these

image sets possess only finitely many connected components.
Therefore, using Proposition m conclusions (i) and (ii) follow
directly.

For part (iii), the argument follows similar reasoning as in [12];
however, we include it here for completeness. Since each f.. is con-
vex, we have Pr(pVP) C SOL(pVP). Moreover, the assumption
that Pr(pVP) is dense in SOL(pVP) yields

Pr(pVP) C SOL(pVP) C Pr(pVP), (8)

where the closure is taken with respect to the standard Euclidean
topology on R™.

From part (i), the set Pr(pVP) is semi-algebraic and thus has a finite
number of connected components. Applying Lemmamto inclusion
([8). we conclude that SOL(pVP) also has finitely many connected
components. This completes the proof. O

REMARK 2. The preceding theorem can be viewed as a con-
sequence of Proposition[I] which plays a central role in describing
the connection between the solution sets and the collections of KKT
and strong KKT points. It is worth noting that the semi-algebraic
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nature of the solution sets considered here does not depend on con-
vexity assumptions or any constraint qualification on K; see, for
instance, [14, Remark 3.2]. However, the approach outlined in [14)]
does not yield any explicit upper estimate on the number of con-
nected components of these sets. In contrast, incorporating con-
vexity along with suitable constraint qualifications allows one to
derive such bounds.

Using Theorem[d] an explicit upper estimate for the number of con-
nected components of the solution sets associated with polynomial
vector optimization problems is derived. This bound significantly
improves upon the one presented in [10, Theorem 2].

THEOREM 7. Suppose that Assumption (A) holds for (pVP).
Then the number of connected components x(S) of a solution set
S satisfies the following bounds:

(1) The number of connected components of the stationary
set x(Stat(pVP)), and similarly of the proper stationary set
X(Pr(pVP)), cannot exceed

[(2k + m + 2)d + 1] [2(2k + m + 2)d + 1] TP (9)
where
d := max { deg g;, degh;,
ofr
ox;

(ii) 1f, in addition, each function f, is convex, then the num-
ber of connected components of the weak Pareto solution set
X(SOLY (pVP)) also cannot exceed the number given in ().

PROOF. By Proposition we have Stat(VP) = <I>(WKKT).
From (2), it follows that a point z € W g if and only if there
exist multipliers 7 € R™, A € R*, and i € RP such that

)\z’ 20, )\Zgz(x)zo, gz(iﬁ) <O, izl,...,k),
=0, r=1,...,m, || >0,
h]'(l’):(), jzl,...,p.

deg

r=1,...,m; i=1,...,k;
j=1,...,p; I=1,....;n +1

and
m k P
S nVE @)+ NiVgi(@) + Y p;Vhi(z) =0, (10)
r=1 i=1 j=1

Therefore, by @), the set Wxgr consists of all points
(z,7, A\, 1) € R™H™FE+P gatisfying the above conditions. The
vector equation (T0) yields n scalar equations given by

T 0fe(z) o~ Ogi(z) o~ Ohy(x) B B
ZTT 8[El +; )\1 8$l +; ,u'] 8.’13[ - 0, l = 17 cee, N

r=1

Hence, Wi k1 is a semialgebraic set described by 2k + m + 1
polynomial inequalities in n + m + k + p variables, with degrees
not exceeding d.

Applying Theorem [3] it follows that the projection ® (W i) is
also a semialgebraic set, where the mapping ® : Rt +kt+r
R™ is defined by

D(z, 7, A\, 1) = x.
Consequently, by Theorem ] we obtain
X((I)(WKKT)) <x(Wkkr)

< [(2k +m + 2)d + 1] [2(2k + m + 2)d + 1] ntmtktp



This completes the proof of part (i). If the functions f,. are convex,
then the second part follows directly from Proposition (1| together
with part 1). O

4. SPECIAL CASES

Now, by employing arguments analogous to those developed in the
previous section, we demonstrate that the results obtained in [[11]
for polynomial vector optimization and polynomial vector varia-
tional inequality problems under polyhedral convex constraint sets
can be recovered in a similar framework. Once again, the role of
KKT multipliers and strong KKT multipliers is fundamental. In
particular, the relationship between stationary points and the sets
of KKT points (namely, proper stationary points and strong KKT
points) is effectively utilized.

4.1 Polynomial Vector Optimization under Polyhedral
Convex Sets

Consider the problem (VP), where f,. are polynomials in
Rlz1,...,zy] forall» = 1,..., m, and the constraint set 2 C R
is a polyhedral convex set defined by & affine inequalities of the
form a; "z < b; in the variables x4, . .., x,. That s,

Q={z eR"| Az < b},

where A € R¥*™ and b € R*. The problem (VP) with such polyno-
mial data is referred to as a polynomial vector optimization problem
under a polyhedral convex constraint set, and is denoted by (VP,).
Clearly, (VP,) is a special case of (pVP) with g;(x) = a;Tx — b;
and without equality constraints h ;.

‘We denote the sets of Pareto minima, weak Pareto minima, station-
ary points, and proper stationary points of (VP,) by SOL(VP,),
SOL*(VP,), Stat(VP,), and Pr(VP,,), respectively.

As in the previous section, for a feasible point z of (VP,), a
Karush—Kuhn-Tucker (KKT) multiplier is a pair (7, A) such that
(x,7,\) € W with ||7]| > 0 (equivalently, 7. > 0 for all
r=1,...,m), where

we ={(@,7,3) e R |

x € Q,

m k
ZTrvfr(l") + Z)\iai =0,
r=1 =1

Nialz =0,

=0, r=1,...,m,
N0, i=1,...,k
GRS

A point z satisfying the above conditions is called a KKT point (re-
spectively, a strong KKT point). Let W§ ;. and W§ . -r denote
the sets of all tuples (z,7,\) € W* corresponding to KKT points
and strong KKT points of (VP,), respectively. Then, these sets can
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be written as

Wgkr = {(35773 A) € RMImHE l

z €,

m k
ZTTVfT(;r) + Z)‘iai =0,
r=1 i=1
Aiafxzo,
=20, r=1,...,m,
XN=0,i=1,....k
Il > o},

and

Wikkr = {(3677'7 A) € RMmHE ’

z €,

m k
Zﬁvfr(f) + Z)‘iai =0,
r=1 i=1

Nialz =0,

>0, r=1,...,m,

)\i>0,i:17...,k}.

It is straightforward to verify that both W and W ror
are semialgebraic sets. Consequently, their projections ¢ (Wf( KT)
and ® (W ;) are also semialgebraic. Here, ® (W r) and
<I>(W§K KT) represent the sets of KKT points and strong KKT
points of (VP,), respectively.

Next, a relationship between the solution sets of (VP ) and the sets
of KKT and strong KKT points is established.

It is evident that the polyhedral constraint set {2 is convex. However,
due to the polyhedral nature of €2, the Mangasarian—Fromovitz
Constraint Qualification (MFCQ) may fail to hold at certain points
of €2, and therefore requires separate consideration. Nonetheless,
arguments analogous to those used previously can be employed to
derive the desired results.

PROPOSITION 2. For (VP,), the following statements hold:
@
SOL”(VP,) C ®(W,cp) = Stat(VP,).

If all the constituent functions f, of f are convex, then the above
inclusion becomes an equality.

(1)
®(Wegrr) = Pr(VP,).

Consequently, if all the constituent functions f, are convex, then
SOLY(VP,) is a semialgebraic subset of R™. In particular, it ad-
mits finitely many connected components, each of which is itself a
semialgebraic subset of R™.

PROOF. (i) First, establish the equality in part (i), namely,
O (Wit ) = Stat(VP,).
Recall that
Q= {z e R" | Az < b},



where A € R¥*™ and b € R¥. Equivalently,
Q={zeR" | (a;,z) <b;, i=1,...,k},

with a; € R™ and b; € R. Clearly, €2 is a convex set. Therefore, the
normal cone to € at a point x € {2 is given by

Na(z) ={z" € R" [ (z",y —2) <0, Vy € Q},
and Ng(z) = 0 if = ¢ Q. Equivalently, z* € Nq(z) if and only if
(@, y) < (z",z) VyeQ

By Theorem 22.3.1 of [19]], z* € Ngq(z) if and only if there exist
multipliers \; > 0,7 = 1,...,k, such that

k k
Z)\iai =" and Z}\lbz = <£E*,LI,‘>. (11)
=1 =1

Suppose that x is a KKT point. Then there exists (z,7,\) €
W i such that

m k
- Z .V i(z) = Z i@
i=1

r=1

Comparing this with the first relation in (II), it follows that there
exists 7 € R \ {0} such that

- Z 7.V fr(z) € No(x).

This implies that

<ZTer,«(x), y :v> >0 Vye.
r=1

By Definition[5]of stationary points, conclude that z € Stat(VP,).
Hence,

(Wi gr) C Stat(VP,).

Conversely, let x € Stat(VP,). Since € is convex, using the defi-
nition of stationary points and the above arguments, it follows that
x satisfies the KKT conditions. Therefore,

Stat(VP,) € ®(Wg k).
Thus,

O (Wit i) = Stat(VP,).
The inclusion

SOL™(VP,) C @(W}%KT)

follows from Remark [T] together with the above equality.

Now assume that all constituent functions f,. are convex. Then, by
the second part of Theorem 5] every KKT point x is a weak Pareto
minimum of (VP,). Hence,

(W r) € SOLY (VP,).
Consequently,
(Wi r) = SOLY (VP,)

whenever all f,. are convex. This completes the proof of part (i).
(i1) Now to prove part (ii), namely,

<I>(W§KKT) = Pr(VP,).
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Suppose that x is a strong KKT point. Then there exists 7 € R,
such that (z, 7, \) € W&y xr. Proceeding along the same lines as
in the proof of part (i), results in

<§:TTVfT(:v), Yy — w> >0 VyeQ.

r=1

By the definition of proper stationary points, it follows that z €
Pr(VP,). Hence,

®(Wégwr) C Pr(VP,).

Conversely, assume that 2 € Pr(VP,,). Then there exists 7 € R,
such that

<ZTerT(JI), Yy — x> >0 VyeQ.
r=1

Since €2 is a polyhedral convex set, using arguments analogous to
those in part (i), it follows that x satisfies the strong KKT condi-
tions. Therefore, every point in Pr(VP,) is a strong KKT point,
and consequently,

Pr(VP,) C <I>(W§KKT).
Combining the above inclusions gives
@(WSKKT) =Pr(VP,).

This completes the proof of the proposition.
O

4.2 Connectedness of solution Sets when the
Constraint Set is Polyhedral Convex

The following results concerning the connectedness of solution sets
of (VP,) were established in [11] as an application of results on
polynomial vector variational inequalities; see [11, Theorem 4.6].
For completeness, restate them below.

THEOREM 8. For (VP,), the following statements hold:

(1) The sets Stat(VP,) and Pr(VP,) are semialgebraic subsets
of R™. Consequently, each of these sets has finitely many con-
nected components, and every connected component is itself a
semialgebraic subset of R™.

(ii) If all the functions f, are convex, then SOL™ (VP,) is a semi-
algebraic subset of R™. In particular, it has finitely many con-
nected components, each of which is also semialgebraic.

(iii) If all the functions f, are convex and the set Pr(VP,) is
dense in SOL(VP,), then SOL(VP,,) has finitely many con-
nected components.

PROOF. The assertions follow directly from Proposition [2] by
employing arguments analogous to those used in the proof of The-
orem[@in Section@l O

4.3 Linear Fractional Vector Optimization Problems
under Polyhedral Convex Sets

Linear fractional vector optimization problems (LFVP) constitute
an important class of vector optimization problems, with linear vec-
tor optimization problems forming a significant subclass. In this
section, it is demonstrated that the results established in [[L1] for
(LFVP) under polyhedral convex constraint sets originally derived
as applications of polynomial vector variational inequalities can



also be obtained via a direct approach. As before, the key tool is the
interplay between stationary points and KKT-type points (namely,
proper stationary points and strong KKT points).

Begin by recalling some basic properties of (LFVP). Consider the
problem (VP), where f,. : R® — R, r = 1,...,m, are linear
fractional functions of the form

T+ a,
fr(@) = d}.xi—'—i_—ﬁr’
where ¢,.,d,. € R™ and «,., 3, € R. The feasible set 2 C R" is as-
sumed to be a polyhedral convex set defined by k affine inequalities
a;Tx <b;,i=1,...,k, thatis,

Q={zeR"| Az < b},
with A € R**™ and b € R*. Assume that
dfz+8,>0 VYVr=1,....m, Vz € Q.

Let f(z) = (fi(x),..., fm(x)), and define

K={zecR"|d*2+8.>0,r=1,...,m}.

Then K is an open and convex set, {2 C K, and f is continuously
differentiable on K. The problem (VP) with the above structure is
referred to as a linear fractional vector optimization problem, and
is denoted by (VPy), that is,

(VP;) Minimize f(z)

Denote the sets of Pareto minima, weak Pareto minima, station-
ary points, and proper stationary points of (VP;) by SOL(VPy),
SOL*(VPy), Stat(VPy), and Pr(VP), respectively.
According to [16]], a point z € SOL(VPy) if and only if there
exists £ = (&1,...,&m) € RY, such that

subject to z € Q.

<Zfr [(dzm +ﬁr)cr - (C?jl‘ + ar)dr] y Y —T 2 0 Vy € Q.
r=1

12)
Similarly, x € SOL"(VPy) if and only if there exists { =

(€1,...,&m) € R\ {0} such that (T2) holds.
In view of (I2)), it follows that

Pr(VP;) = SOL(VP;) and Stat(VP;) =SOL"(VPy).

13)
By arguments analogous to those used for (VP,), one can define
the sets of KKT points and strong KKT points for (VP;) and
establish a result similar to Proposition [2} Consequently, the sets
Pr(VPy) and Stat(VPy) are semialgebraic subsets of R”™.
Finally, invoking (I3), we recover the following result, which was
originally obtained in [12, Theorem 4.5] as an application of poly-
nomial vector variational inequalities.

THEOREM 9. For (VP ), the following statements hold:

(i) The Pareto solution set SOL(VPy) is a semialgebraic subset
of R™. Consequently, it has finitely many connected components,
and each connected component is itself a semialgebraic subset of
R™.

(i) The weak Pareto solution set SOL™ (VPy) is a semialgebraic
subset of R™. In particular, it has finitely many connected com-
ponents, each of which is also a semialgebraic subset of R™.

REMARK 3. Using arguments analogous to those in Theorem
[2] one can derive explicit upper bounds on the number of connected
components of the solution sets for polynomial vector optimization
problems with polyhedral convex constraint sets, and similarly for
linear fractional vector optimization problems.
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S. CONCLUSIONS

The primary objective of this paper has been to investigate the con-
nectedness structure, an important topological property—of solu-
tion sets associated with polynomial vector optimization problems.
To establish the main results previously obtained in [11] and [12],
it is observed that the sets of KKT points and strong KKT points
for such problems possess a semialgebraic structure. Furthermore,
assuming that the Mangasarian-Fromovitz Constraint Qualification
(MFCQ) holds at every point of the convex constraint set, we estab-
lished that the set of KKT points (respectively, strong KKT points)
coincides with the set of stationary points (respectively, proper sta-
tionary points) of the vector optimization problem. This observa-
tion plays a crucial role in deriving the connectedness properties
of solution sets for polynomial vector optimization problems un-
der MFCQ, as well as for polynomial and linear fractional vector
optimization problems under polyhedral convex constraint sets.

In particular, it has been shown that the sets of stationary points,
proper stationary points, and weak Pareto solutions of a polyno-
mial vector optimization problem under the validity of MFCQ at
each point of the convex constraint set have finitely many con-
nected components. A sharper estimation of the number of con-
nected components remains an important issue; such bounds can be
derived using Theorem [6] Additionally, vector optimization prob-
lems and linear fractional vector optimization problems under poly-
hedral convex constraint sets have been examined as special cases
within this framework.

Most importantly, the connectedness structure of (VP) has been an-
alyzed through the use of KKT and strong KKT points. The ap-
proach adopted in this work is comparatively more direct and con-
ceptually simpler than those employed in [11] and [12].
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