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ABSTRACT

In this paper, the concept of mean harmonic energy of a graph
denoted by FE;,;(G) is introduced, the mean harmonic en-
ergy of some classes of graphs is computed. Also some ba-
sic properties of mean harmonic energy and some bounds
for mean harmonic energy of a graph have been obtained.

General Terms

AMS, Subject Classification 05C50, 05C99.

Keywords
Eigenvalue of a graph, Energy, Mean Harmonic Energy

1. INTRODUCTION

Throughout this paper, we consider finite, simple, and undirected
graphs. Let G be a graph of order n and size m whose vertex
and edge sets are V(G) and E(G), respectively. The energy
E(G) of a graph G, defined as the sum of the absolute values of
its eigenvalues, belongs to the most popular graph invariants in
chemical graph theory. It originates from the m-electron energy
in the Huckel molecular orbital model, but has also gained
purely mathematical interest. This concept was introduced in the
subject of chemistry by I. Jutman and is intensively studied since
it can be used to approximate the total -electron of a molecule [6]].

Spectral graph theory [3]] is an attractive research area that finds the
relation between the combinatorial properties of graphs and the al-
gebraic properties of associated matrices, as well as applications of
those connections. More broadly, it searches for the link between
the discrete universe and the continuous one by employing geomet-
ric, analytic, and algebraic techniques. For a graph G, the conven-
tional adjacency matrix, denoted as A(G), is one of the effective
tools in this domain. The (4, j)- element of A(G) is 1 when v,
is adjacent to v; and O otherwise. Its characteristic polynomial is
Ya(G, ) = det(\l,, — A(G)), where I, is the identity matrix.
Since A(G) is real and symmetric, one can arrange its eigenvalues
as A1 > Ay > ... > \,. The set of eigenvalues of the graph with
their multiplicities is known as spectrum of the graph. The energy
of the graph G is defined as the sum of the absolute values of its
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eigenvalues [6} [11]:

n

B@G) =) I\l

=1

This concept was introduced almost 46 years ago [6] and has
been extensively investigated [2| 7, |8]. Eventually, numerous
other graph energies have been invented, based on eigenvalues
of matrices different from the adjacency matrix; for more details
see [1, 19, 12} [13]. Motivated by the works [10} [15] and the
large applications of these energies, here, we introduce the mean
harmonic energy.

We will now describe some terms and symbols that will be uti-
lized all through the paper. The degree of a vertex v, denoted by
d(7), is the number of edges of G incident with v. We denote by
Ky, K, K1,n, S and F,, the complete graph, complete bipar-
tite graph, star, crown and friendship, respectively.

In this paper, we introduce the concept of mean harmonic matrix
MH.

DEFINITION 1. Let G = (V, E) be a simple connected graph
with n vertices v1,va, ..., Uy, and let d; be the degree of v;,i =
1,2, ...,n. Then the mean harmonic matrix MH=MH(G) of G is
the n X n matrix, whose (i, j)-entry is as follows:

i2iv ifviv; € E(G);

L =t

a;; = i 45 )
0, otherwise.

The characteristic polynomial of M H(G) denoted by f,, (G, A), is
defined as

Fu(GLA) 1= det (A — MH(G)) .

The eigenvalues A1, Aa, ..., A, of MH(G) form the mean harmonic
spectrum or the MH- spectrum of G. MH is a real symmetric ma-
trix. Therefore, its eigenvalues are real numbers, and Z?:l A; = 0.

2. MEAN HARMONIC ENERGY

DEFINITION 2. The mean harmonic energy E.,n(G) of a
graph G is
Enin(G) = |Ail

=1



EXAMPLE 1. Let G be a graph in Figure 1.

U1
V4
V2 VU3
Figure 1: Cy
Then
0202
2020
MH(G) =1 420 2
2020

The characteristic polynomial of MH(G) is f,(G,\) = A\ —
162, the mean harmonic eigenvalues are \y = 0, Ay = 0, \3 =
—4, Ay = 4. Therefore the mean harmonic energy of G is

Enn(G) = 8.

We need the following to prove main results.

THEOREM 3. [I4)] Let a; and b; be nonnegative real numbers,
then

n n

=1 =1 =1

Where, M1 = maz(a;), Ma = maz(b;), m; = min(a;),my =
min(b;), alsoi=1,2,...,n.

2.1 Some basic properties of mean harmonic energy

In this section, some properties of characteristic polynomials of
mean harmonic matrix of a graph G have been introduced.

THEOREM 4. Let G be a graph of order n, size m. Let
Fa(GyA) = ag\™ + a1 A"t + ax A" 2 + ... + a,, be the char-
acteristic polynomial of mean harmonic matrix of a graph G. Then

() ag =1.
2 a1 =0
2
(3) ay = —q such that q = EK, (121>
T\ TFag

4 a, =det(MH(QG))

PROOF. (1) Clearly, ag = 1 from the definition of f,,(G, A).

(2) Since diagonal elements of M H(G) is equal to 0, so a; =
trace(MH(G)) = 0.

(3) (—1)2ay is equal to the sum of determinants of all 2 X 2 prin-
cipal sub matrices of M H(G) , that is

Cii Cij

az :Z1§i<j§n Cji Cjj

= Zlgi<jgn(ciicjj — CijCji)

S a3 (Y bt < (M Moy, 1)
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_ o 2
= Zl§i<j§n CiiCjj El§i<j§n Cij

2
_72: 2
- i 5 1 1 .
i<y F 45

(4) Itis clear that a,, = det(M H(QG)).

a

THEOREM 5. Let G be a graph of order n. Let A1, Ao, ..., A\p,
be the eigenvalues of M H(G). Then

(i) Yo Ai=0.
2
(id) o1, A2 =2q, where q = Yic (121> .
- T\ TFI;

PROOE. (%) Since the sum of eigenvalues of M H(G) is the
trace of M H(G), then

n

zn:)\i = Za“ =0.
i=1

=1

(i) We know that
Z A=l D Gy
i=1

=D im1 O5 D Giag
= Z?:l aj; +2 Z?q‘ afj

= 2q.
O

LEMMA 6. Let G be a connected (n,m) graph. Then
traceM H?(G) < trace M H?(K,,) = n(n — 1)3, and the bound
is sharp for G =2 K,,.

PROOF. Since

n—1, ifvu; € B
0, Otherwise.

MH(K,)i; = {
We have, for i # j
MH?*(K,)i; = (n—2)(n — 1),
and for i = j,
MH?*(K,)ii = (n—1)(n— 1),
implying that
traceM H?(G) = n(n — 1)3.
O

3. MEAN HARMONIC ENERGY OF SOME
STANDARD GRAPHS

In this section, the exact values of the mean harmonic energy of
some standard graphs was investigated.

THEOREM 7. For the complete graph K,,, n > 2,
Epn(Ky) = 2(n — 1)



PROOF. Let K,, be the complete graph with vertex set V =

International Journal of Computer Applications (0975 - 8887)
Volume 186 - No.20, May 2024

PROOF. For the complete bipartite graph K, ,,, n > 2 with

{v1,v2,+-,v,}. Then vertex set V' = {uy, ua, -, Upn, v1, V2, -, vy }. Then
0 n-1 n-1 .- n-1 n-1 - n-1 n-1 0O 00 - 0 nmnmn - n
n—1 0 n-1 .- n-1 n-1 - n-1 n-1 0O 00 -« 0 nmnmn - n
n-1 n-1 0 - m—-1 n-1 -+ n-1 n-1 0O 0 0 0On nn - n
MH(K.,) = 21 mo1 mo1 - 0 21 - mi1 m1 _ 00 0 0Onmn - mn
(Ba)= [ niniincio ot maciedd MH(Enu)= | 000 006556 %
n n n nm 0 0 O --- 0
X n n n n 0 0 O --- 0
nol mo1 no1 o m-1 n-1 - 0 n-1 '
n-1 n-1 n-1 - n-1 n-1 -~ n-1 0 nxn : S
. o . . nm n n -+ n 0 0 0 - 0 (2n)><(2n)
The respective characteristic polynomial is o .
The characteristic polynomial of M H (K, ),
X —(n-1) —(n-1) - —(n-1) —(n=1) -« —(n-1) —(n—1)
-(n-1) A -(n-1) - —(n-1) —(n-1) =+ —(n-1) —(n-1) A 0 O 0 -n -n -n -n
-(n-1) —(n-1) A o =(n=1) —(n-1) -+ —(n-1) —(n-1) 0O X 0 0 -n -n -n -n
. 0 0 A 0 -n -n -n n
fo(Kp,A) =] -1 ~-1) —-1) 0 A 1) (1) (n1) S : S :
~(n-1) —(n-1) —(n-1) - —(n-1 Y - —(n-1) —(n-1 hoem o-m T
( ) —( ) —( ) ( ) ( ' ) —(C ' ) Fom (KnomiX) = 70n 7071 7on }n o !
: : : . : : . : : -n -n -m -~ —n 0 X O 0
“(R-1) “(n-1) —(n-1) - —(n-1) —(n-1) - A “(n-1) -no-mo-noo-n 0000 A 0
—(n-1) —(n=1) —(n-1)  —(n—-1) —(n-1) = —(n-1) A . . o .
= ()\ — (n — 1)2)()\ + (n _ 1))71—1. -n -n -n -n 0 0 0 A
Hence, mean harmonic eigenvalues are A= (n - — (2)2n-2 [A,nz] [M—n?]
1)? [one time], A= —(n—1) [n— 1 times].
Therefore, the mean harmonic energy of a complete graph is Hence, mean harmonic eigenvalues are A = 0 [2n —
2 2 times], A =n? [one time], A\ = —n? [one time].
En(Kp)=2(n—1)% . A
Therefore, the mean harmonic energy of a complete bipartite graph
0O is Eppn(Kn,n) =202 O
THEOREM 8. Forn > 2, the mean harmonic energy of a star DEFINITION 10. [4] The crown graph S for an integer n > 2
graph K1 ,,_1 is equal to 2 /(n — 1)3. is the graph with vertex set {uhyg, - Un) VL, V3 ':~7Un} and edge
" set {u;u; : 1 < 4,5 < n,i# j} S) coincides with the complete
PROOF. Let Kj ,-1 be a star graph with vertex set V' = bipartite graph K, ,, with horizontal edges removed.
V,vV1, Vg, "+, Un_1}, v is the center. Then . .
{v 1,02, v} THEOREM 11. For n > 2, the mean harmonic energy of the
0 Z2(n-1) 2(m-1) 2(Mm-1) - E(n-1) crown graph S° is equal to
2(n-1 0 0 0 0 0 2
(=0 E,.1n(S;) =4(n —1)%.
2(n-1) 0 0 0 0 0 . o
MH(Kin1)=| , PROOF. Let S? be the crown graph, having vertex set V (S%) =
wn=1) 0 0 0 0 {u1, U2, ..., Up, V1, V2, ..., Uy }. Then
. . - 0 0 0 0 0 n—-1 n-1 n-1
. . : e 0 0 0 0 n-1 0 n-1 n-1
2(n-1) 0 0 0 0 nxn 0 0 0 0 n-1 n-1 0 =n-1
The characteristic polynomial of M H (K ,,_1) is : : : : : : : :
’ MH(SO) 0 0 0 0 n-1 n-1 n-1 0
20y ARGy R@en Ren e Reey " TRt St S B S B
a1 A 0 0 0 n-1n-1 0 n-1 -+ 0 0 0 0
—%(n—l) 0 A 0 0 . X N X
Fa(Kip1,A) =] 30D 0 o N 0 nil il o1 0 o o o 0 Inxn
The characteristic polynomial of M H(S?) is
A 0 0 0 0 1-n 1-n 1-n
2 0 A 0 0 - 1- 0 1- 1-
“anoh 0 0 © 2 0 0 A 0 Ciimoicm o iom
= n-l(y _ 2 —1)3 2 —1)3 : :
=" A= 2V =1 A+ 2/ (n—1)%). o S
f (SO )\) — (] 0 0 A - 1-n 1-n 1-n 0
Hence, mean harmonic eigenvalues are A = 0 [n—1 times], A = n\Pns oot A 0000
2\/(n—1)3 [one time],and A = —2/(n —1)3 [one time]. tmnodem 0 dEme 0000 A0
Therefore, the mean harmonic energy of a star graph is
1-n 1-n 1-n 0 0 0 0 A

Emh(Kl,nfl) = %\/m

O

THEOREM 9. For the complete bipartite graph K, ,,, n > 2,
the mean harmonic energy is 2n°.

A=(=D)A+n-1)*) - (n-
Therefore, mean harmonic eigenvalues are X (n
1)? [one time], A = —(n—1)? [onetime], A=n—1 [n—
1times], A= —(n—1) [n— 1 times].

D" At (0 -1



Hence,
Emh(Sg) =4(n— 1)2.

O
DEFINITION 12. [5)] A Friendship graph F, is a one point
union of n copies of cycle Cs. V(F,,) = 2n + 1.

THEOREM 13. For the A Friendship graph F,, n > 2, the
mean harmonic energy is
(n+1)2 4 25n3
(n+1)2

PROOF. Let F),, n > 2 be the Friendship graph, having vertex
set V(F,) = {vo, U1, coeeene ,Van} » U is the center. Then

B (F) = 4n + 2

0 4n 4n 4n 4n 4n 4n
4 n+l n+l n4+1l n+l n+l n+1l
z 0 2 0 0 0 0
n+1
4n
A2 0 0 0 0 0
A0 0 0 2 0 0
n+1
MH(F,) =
A0 0 2 0 0 o0
n+1
An_ 0 0 0 .0 2
n+1
4n
A0 0 0 0 - 2 0
The characteristic polynomial of M H (F,) is
~4n_ _ 4n_ _ 4n_ _ 4n_ . _ 4n_ _ 4n_
n+l nt+l  nFl R+l n+l ntI
__4n N _2 0 0 0 0
n+1
- 1:1]:1 -2 A 0 0 0 0
- 7;44?1 0 0 A —2 .. 0 0
f2n+1(an)‘) = | -Ap 0 0 -2 A 0 0
DES
777144:’1 0 0 0 0 Y —2
77;17]:1 0 0 0 0 —2 A

= (=2 [ — 2 Za ]

Hence, mean harmonic eigenvalues are A = 2 [n—1 times], A =

_ (n+1)2425n3
A=1=% T
Therefore, the mean harmonic energy of a friendship graph is

—2 [n times], [one time each].

(n T 1)? + 2
Eopn(F,) =4 20| ———
h( ) n + (’fl + 1)2

O

4. BOUNDS FOR MEAN HARMONIC ENERGY OF
A GRAPH

In this section, some bounds for mean harmonic energy of graphs
have been studied.

(2n+1)x
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THEOREM 14. Let G be a graph of order n and size m. Then

22( )2_Emh ) < 2nz< 1>2.

1<J 1<J + d
PROOF. Let A1, Az, Az, ..., A\, be the eigenvalues of M H(G).
By the Cauchy-Schwartz inequality, we have

(&) =(5) (%)

Let a; = 1 and b; = |\;|. Then

(B (6)) = <§|A|> < <§1> <§A>

Therefore, the upper bound holds.

d+d

oy (2

1<J

Now, since
n 2 n
(Zm) 3o
i=1 i=1
we have
2
23ery ()
i<j dit
Therefore.
(2n+1)
2
Emn(G) > 22( 1> .
1<g d
[}

THEOREM 15. Let G be a connected graph of order and size
n and m, respectively. If A = det(M H(G)), then

e

1<g

2
Emn(G) > 1) +n(n —1)A2/n,
d

PROOF. Since

n 2
(zxz) (S ) (S0 )
=1
= 2?21 Xl + Zi#]‘ |Ail[Az]-

using the inequality between the arithmetic and geometric means,

we have
1/[n(n~-1)]
(H m-w) :
£

1
_— A >
T D E
n 1/[n(n-1)]
(Emh(G))2 > Eizl ‘)\z|2 _|_n(n - 1) (Hl‘?sj |)‘1||)‘J|)

(Emh (G))2 =

i#]

Then

z Z?:1 p‘iP +n(n—1) (Hi:]
=2 P (=D [T A

2/n

) |)\l|2(n,1)> 1/[n(n-1)]

d;+

uT

)



2
=23, (12;> +n(n —1)A%"
j

T
O

THEOREM 16. If G is a graph of order n, then for any mean
harmonic eigenvalue \;, we have

Al < (n—1)%

PROOF. By Lemma 2.5, trace(MH?*(K,)) = n(n — 1)3.
Hence for every graph G of order n with mean harmonic eigen-
values A1, A2, A3, ..., A\, we have

> P <nn-1)%
=1

By the Cauchy-Schwarz inequality,

n

(> AP=@m-1) ) A

i=1,i] T
2
Since " A; =0and ) " AF=2%" . (121> , we get
- - T\ 7T
A< (n—1) (n(n —1)% — )\]2) ,
which implies that
Al < (n—1)%
Oa

THEOREM 17. Let G be a graph of order n and size m. Then

Eun(@) > | 203 (121> ,”;(MI‘,M)Q,

i<j \ ditdj

PROOF. Let A1, A2, A3, ..., A, be the mean harmonic eigenval-
ues of G. Substituting a; = 1 and b; = |\;| in the equation (1), we
get

n

Do = O < B (M - Al
=1 =1

=1
2
2 n2
MY | |~ Ban(G)? =2 (1M M)
i<j \ ditdj
Then,
2
2 n2 9
Ean@) 2 ) | = | =l = D>
i<y it dj
[}

S. CONCLUSION

In this paper, we obtain the bounds for mean harmonic energy of
graphs and present its exact value for complete graph, complete
bipartite graph, star graph, crown graph and a friendship graph.
The mean harmonic energy of several other families of graphs is
an open problem.
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